Introduction
In this paper, we introduce a kind of character sum which simultaneously generalizes the classical Gauss and Jacobi sums, and show that this "Gauss-Jacobi sum" also specializes to the Kloosterman sum in a particular case. Using the connection to the Kloosterman sums, we obtain in some special cases the upper bound (the "Weil bound") of the absolute values of the Gauss-Jacobi sums.
We also discuss some problems concerning the Sato-Tate type distribution and prime factorizations of norms of the Gauss-Jacobi sums.
It was in our joint study by the first author with Tsuneo Arakawa on the multiple Lvalues that we first encountered with this type of character sums. The present investigation is motivated by this work ( [1] , but the connection to the Gauss-Jacobi sum was not mentioned there), in the hope of finding some nice arithmetic properties of the Gauss-Jacobi sums and their possible application to the theory of the multiple L-values. We have so far not been able to realize this hope but only barely begun to make a step forward to the goal. We however presume Arakawa would have been delighted to see any progress, even tiny, about the topics he once got interested in. It is thus our great pleasure to dedicate this paper to the memory of him.
Gauss-Jacobi sum
Let p be an odd prime number, fixed once and for all. A Dirichlet character (modulo p, but we often suppress this reference when it is clear from the context) is the function χ from Z to C which lifts a multiplicative character χ of (Z/pZ) * , i.e., χ satisfies χ(a) = χ(a mod p), ∀a ∈ Z. We set χ(a) = 0 if p | a and χ is not the trivial character, whereas if χ is the trivial character, we set χ(a) = 1 for all a ∈ Z and denote this Dirichlet chacter (strictly, this is modulo 1) by ε.
Recall the classical Gauss sum G(χ; t) associated to a Dirichlet character χ and t ∈ Z is defined by
where e p (a) = e 2πia/p , which depends only on the residue class of a modulo p and we often regard the argument a as an element in Z/pZ. We shall denote G(χ; 1) by G(χ). If χ is a non-trivial Dirichlet character, we see
where χ is the complex conjugate of χ, and from this we have (changing χ to χ)
This identity will be used several times in the sequel. Also recall the Jacobi sum associated to two Dirichlet characters χ 1 , χ 2 is defined by
Definition 1 (Gauss-Jacobi sum). For any Dirichlet characters χ 1 , χ 2 and any t ∈ Z (or Z/pZ), we define the Gauss-Jacobi sum H(χ 1 , χ 2 ; t) by
This generalizes both the classical Gauss and Jacobi sums. In the following proposition, we list several basic properites of the Gauss-Jacobi sum H(χ 1 , χ 2 ; t). Proposition 1. We have the following properties.
(1) H(χ, ε; t) = G(χ; t). In particular, H(ε, ε; t) = 0 for t = 0, and H(ε, ε; 0) = p.
(2) H(ε, χ; t) = e p (t)G(χ; −t).
(5) Suppose χ 1 and χ 2 are both non-trivial. Then we have
Proof.
(1) This is clear from the definition. Note our convention on the trivial character ε that ε(0) = 1.
(2) Replacing u by 1 − u in the definition, we have
Immediate from the definition. 
(5) From equation (1) we have
Inserting this into the definition, we see
We show that the Gauss-Jacobi sums also generalize ("half of") the Kloosterman sums, which is defined as follows.
Definition 2. For a Dirichlet character χ modulo p and elements a, b ∈ Z, the (generalized) Kloosterman sum K(χ; a, b) is defined by
where u −1 stands for an integer satisfying uu −1 ≡ 1 (mod p). We shall denote K(ε; a, b) by K(a, b), which is the classical Kloosterman sum. Theorem 1. For any non-trivial Dirichlet character modulo p and t ∈ Z/pZ, we have
Here, ψ is the Legendre character (the unique character of order 2), and 2 −1 and 4 −1 are regarded as elements in Z/pZ.
In particular, when χ = ψ, we have
Remark. By this theorem, we can write the Kloosterman sums K(χ; a, b) with χ = ψ and ab ∈ (Z/pZ) × 2 in terms of the Gauss-Jacobi sums. In fact, it is easy to see the identity
and from this, we see that if we choose t so that 4 −2 t 2 ≡ ab (mod p), the Kloosterman sum K(χ; a, b) appears on the right-hand side of (2). In particular, the classical Kloosterman sum K(a, b) for ab being square modulo p, ab ≡ m 2 (mod p), can be written as
As an almost immediate corollary of Theorem 1, we obtain an upper bound of the absolute value of H(χ, χ; t).
Theorem 2. For any non-trivial Dirichlet character χ and any t ∈ Z/pZ, we have
This "Weil bound" seems to hold in general, as supported by our numerical experiments (with Pari-GP, up to p = 3000):
Conjecture. If χ 1 and χ 2 are non-trivial Dirichlet characters modulo p, then the estimate
holds.
Remark. If χ 1 or χ 2 is trivial, the absolute value of H(χ 1 , χ 2 ; t) is explicitly determined from Proposition 1 and the well-known estimation of the absolute value of the Gauss sum: |G(χ; t)| = √ p for χ = ε.
Proofs of Theorem 1 and 2
We start with a lemma, which was proved in Salié [9, (51,52)] for χ = ε and in Davenport [4, Theorem 5] for the general case. For the sake of convenience, we give a proof.
Lemma 1. Let χ be a Dirichlet character other than the Legendre character ψ. Then the generalized Kloosterman sum K(χ; a, b) (ab = 0) can be written as
Proof. First consider the case χ = ε. For given u ∈ Z/pZ, the number of solutions v of the equation av + bv −1 ≡ 2u (mod p), which is equivalent to (av − u) 2 ≡ u 2 − ab (mod p), is equal to ψ(u 2 − ab) + 1. Hence we have
which is the identity of the lemma when χ = ε. Next suppose χ = ε. Inserting the expression χ(u) = G(χ)
t=1 χ(t)e p (ut) (which is (1)) into the definition of K(χ; a, b) and using the identity (4) just proved, we have
When u 2 − ab = 0, the inner sum over t vanishes because χψ is non-trivial by our assumption that χ = ψ. When u 2 − ab = 0, we see by replacing t with (u 2 − ab)t that
(We have used the well-known identity between Jacobi and Gauss sums (cf. [2] , [6] ).) This is also valid when u 2 − ab = 0 (because χψ is non-trivial) and thus we obtain
which concludes the proof of the lemma. Now we prove Theorem 1. First we have
By our assumption χ = ε, we can apply Lemma 1 with χ being replaced by χψ to obtain
Inserting this with a = 4 −1 and b = 4 −1 t 2 into (5), we have
This establishes the theorem.
Theorem 2 follows immediately from this. In fact, we know from the works of Weil [10] , Malysev [8] , and Chowla [3] that the bound
holds. This together with the well-known fact that
gives Theorem 2.
We can generalize the Gauss-Jacobi sum in a way similar to the generalization of the Jacobi sum for more than two characters. However, we show that this generalization essentially gives nothing new.
Definition 3 (generalized Gauss-Jacobi sum). For characters χ 1 , χ 2 , · · · , χ n , t ∈ Z/pZ, and an integer k with 1 ≤ k < n, we define the generalized Gauss-Jacobi sum by H(χ 1 , χ 2 , · · · , χ n ; k; t) = u 1 +u 2 +···+un≡1 mod p 0≤u 1 ,u 2 ,...,un≤p−1
Proposition 2. Suppose χ 1 , χ 2 , · · · , χ n as well as θ 1 := χ 1 χ 2 · · · χ k and θ 2 := χ k+1 χ k+2 · · · χ n are non-trivial characters. Then we have
Remark. The right-hand side can also be written using generalized Jacobi sums as
Proof. First we have
H(χ 1 , . . . , χ n ; k; t)
Here we replace χ n (1 − u 1 − . . . − u n−1 ) with G(χ n ) (1)), and obtain
By Proposition 1 (5), the last sum equals
. This together with G(χ n )G(χ n ) = χ n (−1)p and G(θ 2 )G(θ 2 ) = θ 2 (−1)p settles the proof of the proposition.
Further problems
1) The Sato-Tate type distribution.
For Kloosterman sums, the "horizontal" Sato-Tate type distribution of the arguments θ with cos θ = K(a, b)/2 √ p, with p (large) fixed and a, b varies, is known since the work of Katz [7] (cf. [5] for generalized Kloosterman sums). As for the "vertical" distribution, i.e., with varying p for fixed a, b ∈ Z, is much more difficult and still conjectural.
It may be an interesting problem to consider the similar distribution property for the Gauss-Jacobi sums, since we have conjectured the absolute value of the Gauss-Jacobi sum is bounded by 2 √ p.
The Gauss-Jacobi sum is in general not a real number. However, we can easily determine its argument at least up to sign as follows.
Proposition 3. Let χ 1 and χ 2 be non-trivial Dirichlet character modulo p and let t ∈ Z. The argument of H(χ 1 , χ 2 ; t)
2 is equal to that of e p (t)G(χ 1 ; t)G(χ 2 ; −t).
Proof. We use Proposition 1 (5) to obtain
Thus we have
−t) p and the proposition follows.
Remark. By using a congruence result on Jacobi sums, we can show that H(χ 1 , χ 2 ; t) = 0, but we do not give the proof here.
Choose a square root µ of e p (t)G(χ 1 ; t)G(χ 2 ; −t)/p (we do not know if there exists a canonical choice). Then µ is a number of modulus 1 and H(χ 1 , χ 2 ; t)/µ is a real number with the conjectural bound (Conjecture (3))
If this is true, we may associate θ ∈ (−π, π) such that H(χ 1 , χ 2 ; t)/µ = 2 √ p cos θ. It would be an interesting future problem to study the distribution of θ when (one or several of) p, χ 1 , χ 2 and t vary. If the Gauss-Jacobi sum has an arithmetic-geometric interpretation such as an eigenvalue of the Frobenius, it is expected that the Sato-Tate type distribution property holds for the Gauss-Jacobi sum.
2) The norm.
The Gauss-Jacobi sum H(χ 1 , χ 2 ; t) is an algebraic integer contained in the cyclotomic field F = Q(e 2πi/p(p−1) ) and so its absolute norm is a rational integer, which we shall denote by N(χ 1 , χ 2 ; t).
If we denote by ℘ a prime ideal in F lying above p, we have the congruence H(χ 1 , χ 2 ; t) ≡ J(χ 1 , χ 2 ) (mod ℘).
From this and the fact J(χ, χ) = −χ(−1), we can conclude N(χ, χ; t) ≡ 1 (mod p)
for non-trivial χ and any t ∈ (Z/pZ) × . When χ 1 χ 2 is non-trivial, N(χ 1 , χ 2 ; t) is divisible by p, as shown similarly as above by using a congruence for Jacobi sum. The exponent of p in N(χ 1 , χ 2 ; t) shows some pattern. For instance, when the orders of χ 1 and χ 2 are 2 and an odd prime q (which necessarily divides p − 1) respectively, we observe:
The exponent of p in N(χ 1 , χ 2 ; t) is equal to q − 1 2
We also observe that N(χ 1 , χ 2 ; t) is a square with often only large prime factors, and very often, each prime factor of N(χ 1 , χ 2 ; t) other than p is congruent to ±1 modulo p, as well as modulo the orders of χ i . All these observations are only experimental (small scale, up to p < 100) and we have not fully investigated anything concerning the nature of N(χ 1 , χ 2 ; t). We leave this task open to the interested readers.
